We propose a method to produce pure single photons with an arbitrary designed temporal shape in a heralded, lossless and scalable way. As the indispensable resource, the method uses pairs of time-energy entangled photons. To accomplish the shaping, one photon of a pair undergoes temporal modulation according to the desired shape. Subsequent frequency-resolving detection of the photon heralds its entangled counterpart in a pure quantum state with a temporal shape non-locally affected by the modulation. We found conditions for the shape of the heralded photon to reproduce the modulation function. The method can be implemented with various sources of time-energy entangled photons. In particular, using entangled photons from the parametric down-conversion the method enables generation of pure photons with tunable shape within unprecedentedly broad range of temporal durations -from tenths of femtoseconds to microseconds. Proposed shaping of single photons will push forward implementation of scalable multidimensional quantum information protocols, efficient photon-matter coupling and quantum control at the level of single quanta.
Single photons are indispensable tool in quantum information, quantum communication and quantum metrology [1] . Depending on specific application, photons must be tuned in wavelength, bandwidth, polarization, and other degrees of freedom. For example, to transmit information over optical fibers one uses photons at telecom wavelengths, while photonatom coupling requires wavelength and bandwidth of photons matched to the corresponding atomic transition.
It has been realized in the last decade that full control over the spatio-temporal shape of a single photon light [2, 3] is required in a number of applications. For example, photons, having identical Lorentzian spectral shapes, can exhibit opposite temporal shapes -exponential decaying or rising -depending on spectral distribution of the phase. As a result, photons with exponential decaying shape excite a two-level atom in free space only with 50% efficiency, while exponentially rising photons with 100% efficiency [4] [5] [6] . There are other situations where the temporal photon shape is important: symmetric shape is optimal for cavity QED quantum communication [7] ; Gaussian shape is superior for experiments relying on single-photon interference [8] . Furthermore, development of sources of shaped photons will push forward photonic implementation of high-dimensional quantum information protocols, e.g. quantum key distribution [9] [10] [11] [12] [13] [14] .
Present-day methods for producing temporally shaped photons can be divided in two groups: single photons are shaped either during the generation process or photon shaping is performed after the generation. Methods of the first group are typically based on control of quantum emitters (single atom [15, 16] , ion [17] , atomic ensemble [18] , quantum dot [19] ). Development of these methods is promising for deterministic production of shaped photons, however the methods often require sophisticated and costly setups to manipulate single quantum emitters. Also wavelengths of generated photons are limited to resonant transitions of quantum emitters that restricts tunability of these methods. Methods of the second * valentin.averchenko@gmail.com group are based on direct spectral filtering [20] or amplitudephase modulation [21, 22] of single photons. The methods require less elaborated setups then methods of the first group and show higher flexibility in wavelengths and durations of produced photons. However losses inherent to the filtering and modulation of single photon light lead to probabilistic production of shaped photons, which prevents efficient production of multiple of shaped photons and hinders realization of scalable photonic networks. In this work we show a method to produce single photons with any desired temporal shape in a pure quantum state. Shaped photons are produced in a heralded, conditionally lossless and scalable way. The method is based on general photon shaping idea proposed in [23] . Furthermore the method can be viewed as remote preparation of time-encoded single-photon state [24] or as "ghost" interference [25] in the time domain [26] .
Principal scheme of the method is presented in Fig. 1 . As a resource, the method uses pairs of time-energy entangled photons [27] that we conventionally call signal and idler. Required entangled photons can be produced via different optical nonlinear processes, particularly, via optical parametric down-conversion. To produce shaped signal photon we perform temporal modulation of idler photon according to the desired shape and subsequent frequency-resolving detection of the photon. The frequency-resolving detection measures the frequency of the idler photon in contrast to the time-resolving detection that measures the photon arrival time. We show further that under these conditions and due to the initial entanglement, successful detection of the idler photon heralds pure signal photon with the temporal shape affected by the modulation in the idler arm.
We stress, that a potentially lossy shaper (temporal modulator) is brought into the idler arm and only successful measurement outcomes herald shaped signal photons [23] . Due to that, the shaping method is conditionally lossless, since the detector "click" heralds a shaped signal photon with certainty (in the absence of technical imperfections in the idler arm). This feature enables to produce multiple of shaped photons in a scalable way, in contrast to traditional method of direct modulation of the heralded photons. Now we present formal description of the method outlined above and derive explicit expressions for the temporal shape of the heralded signal photon depending on: (A) the initial quantum state of the photon pair, (B) modulation applied to the idler photon, and (C) outcome of the frequency-resolving measurement of the idler photon (see Fig. 1 ).
We start with the main resource of the method, namely, signal and idler photons in an entangled state. We assume that the entangled state is described by a joint probability amplitude Ψ(t, t ′ ) which has a simple physical meaning -its modulus squared gives joint probability density to detect signal photon at a time instant t and idler photon at a time instant t ′ (here and below arguments with prime refer to the idler photon and ones without prime -to the signal photon, unless otherwise stated). One says the photons are entangled when the function Ψ(t, t ′ ) can not be factorized with respect to t and t ′ . Now we show that applying the temporal modulation to the idler photon and performing its subsequent frequencyresolving measurement one can herald pure signal photon with the temporal shape non-locally affected by the modulator.
Temporal modulator placed in the idler arm can be considered as time-dependent transmission of the optical filed and described by a complex function A(t), such that |A(t)| ≤ 1. We assume that transmission is nonzero only within a finite time window t m . If the idler photon passed the modulator then the joint amplitude of the photon pair transforms as
After the modulator, we perform frequency-resolving measurement of the idler photon. Detection of the idler photon with a frequency ω ′ heralds signal photon in a conditional quantum state, described by the corresponding probability amplitude ψ(t|ω ′ ). Here and further frequencies of photons are counted with respect to carrying ones. The better resolution of the photon frequency measurement the more un- Influence of the modulator, applied to the idler photon, on the heralded shape of the signal photon. Due to the temporal correlations between the signal and idler photons (the joint probability density Ψ(t, t ′ ) is visualized by the ellipse), and frequency-resolving detection of the idler photon, the shape of the signal photon follows the modulator transmission function A(t). The condition tc ≪ tm < tu corresponds to the case of perfect correlations, i.e. the joint amplitude is approximated as Ψ(t, t ′ ) ≃ δ(t − t ′ ) and the probability density can be schematically depicted as infinitely elongated and narrow ellipse.
certain time instant when the photon has passed the modulator according to the time-energy uncertainty relation. Ideal frequency-resolving measurement of the idler photon ensures that one can not principally determine at which time instant the photon has passed the modulator, therefore resulting probability amplitude is a coherent sum of amplitudes representing all possibilities [28] and up to normalization it can be written as
Obtained probability amplitude has the following meaningits modulus squared defines probability density distribution to detect the signal photon at a time instant t given the idler photon measurement outcome ω ′ . We refer this amplitude (2) as conditional or heralded temporal shape of the signal photon. Proportionality symbol denotes that the amplitude is not normalized, which is used further just for convenience.
The generic expression for the shape of the signal photon (2) depends on the initial joint state Ψ(t, t ′ ), applied modulation A(t) and the obtained measurement outcome ω ′ in the idler arm. The joint control of these parameters tailors the photon shape. Now we analyze the shape of the heralded photon depending on joint state Ψ(t, t ′ ) of photon pairs. We characterize the joint state with two time scales: unconditional t u and conditional t c temporal widths of photons distributions (see Fig.  (2) ) that have the following meaning. Unconditional individual measurements of the signal and idler photons with fast time-resolving single-photon "click" detectors show statistical uncertainty with a characteristic time t u . Measurements of the signal photon, conditioned on the measurement of the idler photon at a particular time instant (or vice versa, measurements of the idler photon conditioned on a particular detection time of the signal photon), indicate statistical spread t c which is smaller than t u due to the temporal correlations between the signal and idler photons. The stronger the temporal correlations between the photons, the higher the ratio t u /t c (see, for example, [29] ). Here and further all time scales are larger than an optical cycle of light fields.
Consider the physical situation, when the signal and idler photons are entangled such that their correlation time t c is the shortest one, their unconditional temporal width t u is much longer, and the modulation time t m is in between:
The joint state can be approximated as maximally entangled (2), hence the temporal shape of the heralded signal photon is
The expression represents the main result of the paper and shows that temporal shape of the heralded photon is defined by the modulation function in the heralding arm. We stress that to herald pure shaped signal photon the following conditions are crucial: initial entanglement between signal and idler photons, modulation of the idler photon, frequency-resolving measurement of the idler photon. We consider these conditions in more details. First, if photon pairs posses only classical correlations and described by a mixed quantum state, then implementation of the proposed method results in signal photons, heralded in a mixed state [23, 30] . Second, in the extreme case of disentangled and uncorrelated photon pairs detection of the idler photon after the modulator does not affect in the post-selection temporal shape of the signal photon and its conditional state does not change. Third, if instead of the frequency-resolved measurement we use the time-resolved one then detection of the idler photon after the modulator at time instant t ′ heralds the signal photon in the conditional state not affected by the modulation. It can be seen from (1), where left and right hand sides are the same functions of t.
Now we analyze implementation of frequency-resolving measurement of the idler photon required in the proposed method. The measurement can be realized with a spectral filter followed by a single-photon time-resolving "click" detector. The filter can be implemented with an optical cavity, atomic ensemble, or another frequency-selective element that transmits idler photons around a particular frequency that we denote ω ′ . The frequency is counted with respect to the carrying frequency of the photons. We analyze this part of the shaping method in more details using a specific model of the filter. We describe the filter operation in the time domain. Filter delays the idler photon by the time τ with the probability proportional to the modulus squared of impulse response of the filter, that we denote as follows: F (τ )e −iω ′ τ . Due to the probabilistic delay, the filter "removes information" at which time instant the photon has passed the modulator. Click of the detector at a time instant t ′ heralds the signal photon with the conditional amplitude given by the convolution of the filter response and joint amplitude of photons before the filter (1):
Let us consider the case of perfectly correlated photons satisfying the condition (3). Then the shape of the heralded photon is given by the expression:
. The shape is defined by the modulation function A(t) multiplied with the impulse response of the filter
. Consider an experimental situation such that characteristic response time of the filter, defined by inverse filter bandwidth ω −1 f , is longer than the modulation time, i.e.:
and one can put approximately F (t ′ − t) ≈ const. Then the shape of the heralded photon is defined by the modulation function:
, provided post-selection on the idler photons detected after the end of the modulation. It is the same result as (4) obtained for a particular model of frequency resolving measurement. We conclude that the heralded photon is synchronized with the modulation and its shape does not depend on a specific heralding instant t ′ -all idler clicks after the end of the modulation are suitable as heralds. Furthermore, due to the condition (6), most of the heralding clicks happen after the modulation.
Heralding rate of shaped signal photons in the proposed method can be estimated as
The expression has the following meaning -heralding rate is defined by the fraction of idler photons that pass both the temporal modulator t m /t u and the spectral filter ω f t c , giving the bandwidths of photons and the filter are t
−1 c
and ω f respectively. The rate can be increased if instead of modulating the idler photon one modulates generation of the entangled pairs, i.e. produces pairs of photons in the pulsed way. For example, one can employ parametric down-conversion with the pulsed pump with the shaped envelope A(t) [31] [32] [33] [34] . Then frequency resolved detection of the idler photon heralds the signal photon with the shape (4) defined by the pump envelope. Corresponding heralding rate is R ≈ ω f t c which is higher then (7). We notice, that this approach provides not only a higher heralding rate of shaped photons, but also reaches femtosecond duration of the heralded shaped photons -this range is not easily achievable with the direct modulation of idler photons using acousto-or electro-optical modulators.
One may naturally expect, that experimental imperfections can affect the parameters of the shaped signal photons. Let us consider an example. Expression (4) shows that carrying frequency of the heralded photon depends on an outcome ω ′ of the frequency resolving measurement. Statistical uncertainty of the measurement, that we denote as ω d , results in the corresponding uncertainty of the carrying frequency of heralded photons. The effect is negligible when the uncertainty is smaller then bandwidth of the heralded photon, i.e. t m ω d ≪ 1. The effect can be quantitatively characterized calculating purity of the quantum state of heralded photon depending on the uncertainty ω d . Let us model statistical distribution of measurement outcomes ω ′ with the function γ(ω ′ − ω ′ 0 ), given the frequency of the impinging photon is ω ′ 0 . Then detector click at the frequency ω ′ 0 heralds the signal photon, whose state is described by the following density matrix
Here both arguments t and t ′ refer to the signal photon and ψ(t|ω ′ ) is given by expression (2). We calculate purity π ≡ Tr ρ 2 of this state as a function of four experimentally relevant parameters t c , t u , t m , and ω d using the following Gaussian approximations
Resulting general expression for the purity [35] can be applied for various experimental conditions. In a particular case (3) of highly correlated photon pairs, such that t u → ∞ and t c → 0, we get the following estimation:
The state of the heralded photon is approximately pure when the uncertainty of the frequency-resolved measurement is smaller than the modulation bandwidth, i.e. t m ω d ≪ 1. We estimate parameters of shaped single photons experimentally achievable with the proposed method. The condition (3) shows that possible duration of shaped photons is limited by temporal characteristics of entangled photons produced by a photon source. For a given source the method provides to produce shaped photons longer then correlation time of photon pairs t c and shorter then their unconditional temporal spread t u . Furthermore, the condition (6) shows that maximal possible duration of heralded photon is also limited by the bandwidth of frequency-resolving measurement. Up to date, the most widely used sources of entangled photons are based on spontaneous parametric down-conversion in second-order non-linear medium that can be implemented both in singlepass [36] and cavity-assisted [37] configurations. Parametric sources provide entangled photons in various spectral ranges and bandwidths. Unconditional temporal spread of photons t u is typically defined by properties of the strong coherent pump light that drives parametric process. In the continuous regime, it is the coherence time of the pump (µs-ms range). In the pulsed regime it is the duration of pump pulses (up to tens of fs). Correlation time of parametrically generated photons t c is defined either by the phase-matching bandwidth in the nonlinear media (typically, fs-ps range) or cavity bandwidth in a cavity-assisted configuration (ns range). Therefore, the use of parametric down-conversion as a resource of time-energy entangled photons enables generation of shaped photons in a very broad range of temporal durations -from fs to µs.
In conclusion, we have proposed a method to produce single photons with an arbitrary temporal shape in a pure quantum state. The method utilizes time-energy entangled photon pairs as the indispensable resource. Shaped photons are produced in a heralded and lossless manner upon temporal modulation and successful frequency-resolving measurement of their entangled counterparts. We derive the explicit expression for the temporal shape of heralded photons. The shape is determined by the initial entanglement of photon pairs, modulation function and measurement outcome in the heralding arm. The joint control of these parameters affects the shape of heralded photons.
Two features of the method are worth noting. First, shaped photons are produced in a conditionally lossless way. It enables scalable production of multiple of shaped photons. This feature is crucial for realization of scalable quantum photonic networks.
Second, the method is ready to implement with present-day photonic technologies, allowing to produce shaped photons in a broad range of wavelengths and bandwidths. In particular, using parametric down-conversion as a source of entangled photons, the method is promising to produce shaped photons in immense range of temporal durations -from tenths of femtoseconds to microseconds. Experimental results on non-local temporal modulation [38] and remote preparation of time-encoded single-photon ebits [24] confirm experimental feasibility of the proposed shaping method.
To experimentally verify shape of heralded photon the method can be accompanied with one of tomographic techniques, provided informationally complete measurements performed on the photon [39] [40] [41] [42] [43] .
We expect that simplicity and scalability of the proposed method will make generation of temporally shaped photons a common practice in quantum optics and will push forward experiments that require shaped photons, e.g. efficient photonmatter coupling, multidimensional quantum information protocols, coherent control of quantum systems at the level of single quanta, to name a few. Besides, proposed shaping method reveals a novel practical application of the quantum entanglement.
We acknowledge Alessandra Gatti, Paul Kwiat, Christoph Marquardt, Gerhard Schunk and Ulrich Vogel for useful discussions. V.A. acknowledges funding by the Max Planck Society.
